In this paper we study some properties of surfaces immersed in R 4 whose asymptotic lines are orthogonal. We also analyze necessary and sufficient conditions for the hypersphericity of surfaces in R 4 .
Introduction
There are two different ways to construct line fields on surfaces immersed in R 4 . The first one consists in considering the ellipse of curvature in the normal bundle of the surface and taking the pull back of points on this ellipse to define tangent direction fields. Examples of this approach are given by:
the lines of axial curvature, along which the second fundamental form points in the direction of the large and the small axes of the ellipse of curvature; the mean directionally curved lines, along which the second fundamental form points in the direction of the mean curvature vector; and the asymptotic lines, along which the second fundamental form points in the direction of the tangent lines to the ellipse of curvature.
The other way consists in defining the ν-principal curvature lines, along which the surface bends extremally in the direction of the normal vector ν.
To this end, we need to take an unitary normal vector field ν and follow the classical approach for surfaces immersed in R 3 .
The lines of axial curvature are globally defined and their singularities are the axiumbilic points where the ellipse of curvature becomes either a circle or a point. The axiumbilic points and the lines of axial curvature are assembled into two axial configurations. The first one is defined by the axiumbilics and the field of orthogonal lines on which the surface is curved along the large axis of the ellipse of curvature. The second one is defined by the axiumbilics and the field of orthogonal lines on which the surface is curved along the small axis of the ellipse of curvature. Each axial configuration is a net consisting of orthogonal curves and axiumbilic points. Therefore a line of axial curvature is not necessarily a simple regular curve; it can be immersed with transversal crossings. The differential equation of lines of axial curvature is a quartic differential equation according to [6, 7, 8] . A global analysis of the lines of axial curvature was developed in [6] .
The mean directionally curved lines are globally defined and their singularities are either the inflection points, where the ellipse of curvature is a radial line segment, or the minimal points, where the mean curvature vector vanishes. It was shown in [11] that the differential equation of mean directionally curved lines fits into the class of quadratic or binary differential equations. The global behavior of mean directionally curved lines was studied in [11] .
The asymptotic lines do not need to be globally defined on the surfaces and in general are not orthogonal. It was shown in [13] that a necessary and sufficient condition for existence of the globally defined asymptotic lines on a surface M 2 in R 4 is the local convexity of M 2 . The differential equation of asymptotic lines is also a quadratic differential equation and their singularities are the inflection points.
The ν-principal curvature lines are orthogonal and globally defined on surfaces immersed in R 4 and their singularities are the ν-umbilic points, where the ν-principal curvatures coincide. The differential equation of ν-principal curvature lines is a quadratic differential equation according to [15] .
An analysis of ν-principal curvature lines near generic ν-umbilic points is presented in [15] and in [5] the ν-principal cycles (closed ν-principal curvature lines) are studied. A global analysis of the ν-principal curvature lines was developed in [3] , for ν = H, where H is the normal mean curvature vector.
We prove in [12] that the orthogonality of the asymptotic lines is equivalent to the vanishing of the normal curvature. This result has been already obtained by Romero-Fuster and Sánchez-Bringas in [14] using a different approach. We also prove in [12] 2 Line fields on surfaces in R
4
For sake of completeness in this section we present a survey of the relevant notions that will need later. Let α : M 2 → R 4 be an immersion of a smooth oriented surface into R 4 , which is endowed with the Euclidean inner product ·, · and is oriented. In this paper immersions are assumed to be C ∞ . Denote respectively by TM and NM the tangent and the normal bundles of α and by T p M and N p M the respective fibers, i.e., the tangent and the normal planes at p ∈ M 2 . Let {ν 1 , ν 2 } be a frame of vector fields orthonormal to
positive frame of R 4 . In such a chart (u, v) the first fundamental form of α, I α , is given by
where
The second fundamental form of α, II α , is defined in terms of the NM-valued quadratic form
The following functions are associated to α (see [10] ):
1. The mean curvature vector of α
.
The image of the unitary tangent circle (see [6, 7, 8] ). The integral curves of the axial curvature cross fields are the lines of axial curvature.
Generically there is no good way to distinguish one end of the large (or small) axis of ε α (p) and therefore pick out a direction of the cross field. Thus a line of axial curvature is not necessarily a simple regular curve; it can be immersed with transversal crossings.
The differential equation of the lines of axial curvature is a quartic differential equation of the form
, which according to [6] can be written as
Mean directionally curved lines. 
which can be written as
where 
ν-Principal curvature lines. The projection of the pullback, α * (R 4 ), of the tangent bundle of R 4 onto the tangent bundle of an immersion α will be denoted by Π α,T . This vector bundle is endowed with the standard metric induced by the Euclidean one in R 4 .
Denote by ν = ν α the unit normal vector field of α. The eigenvalues
are called the ν-principal curvatures of α. The points where k = k 1 = k 2 will be called the ν-umbilic points of α and define the set S u = S u,α . We say that α is ν-umbilical if each point of the immersion is ν-umbilic. Outside S u are defined the minimal, L m,α , and the maximal, L M,α , ν-principal line fields of α, which are the eigenspaces of W α associated respectively to k 1 and k 2 .
Generically the index of an isolated ν-umbilic point is ± In a local chart (u, v) the ν-principal curvatures lines are characterized as the solutions of the following quadratic differential equation [15] (
where E, F and G are the coefficients of the first fundamental form and e ν =< α uu , ν >, f ν =< α uv , ν > and g ν =< α vv , ν > are the coefficients of the second fundamental form relative to ν, denoted by II ν = II να . Equation (7) is equivalently written as
Orthogonal asymptotic lines
Let α : M 2 → R 4 be an immersion of a smooth oriented surface into R 4 .
In 
where the first expression in (9) It is interesting to observe that in the above construction the asymptotic lines are orthogonal and the normal curvature of α vanishes at every point.
This is a particular case of the following theorem proved in [12] , which was also obtained in [14] using a different approach: Let α : M 2 → R 4 be an immersion of a smooth oriented surface with isolated inflection points.
The immersion α has orthogonal asymptotic lines if and only if the normal curvature of α vanishes at every point.
We have established in [12] the following theorem: Let α :
be an immersion of a smooth oriented surface with isolated inflection points.
The quartic differential equation of lines of axial curvature (1) can be written
where the first expression in (10) 
As the inflection points are singularities of asymptotic lines then by (11) Proof. Let {ν 1 , ν 2 } be a frame of vector fields orthonormal to α, where
Thus
where E, F and G are the coefficients of the first fundamental form of α. It follows that
This implies that the ellipse of curvature ε α (p) is a line segment orthogonal to ν 2 , for all p ∈ M 2 . Define ν = ν 2 and λ = Proof. Since all the notions of this paper are independents of the chart it is enough to prove this theorem for an orthogonal one. By hypothesis there is an unitary normal vector field ν orthogonal to ε α (p), for all p ∈ M 2 . We can take {ν 1 = ν ⊥ , ν 2 = ν} a frame of vector fields orthonormal to α, where
The immersion α satisfies the Codazzi equations [2] (
and the following structure equations [2] (ν
and Γ k ij are the Christoffel symbols of α [2] , i, j, k = 1, 2, which in this case are given by
Substituting the above Christoffel symbols in the Codazzi equations (13) and (15) we have respectively
and
But Equations (20) and (21) 
respectively. Now the Gaussian curvature is
By hypothesis K = r 2 , and thus
From the Equations (22), (23) and (24) we have that 
Substituting Equation (25) in (18) and (19) results that ν u = −rα u and ν v = −rα v .
where γ is a constant vector. Therefore
This means that α(M 2 ) belongs to a hypersphere with center 
Proof. Take the positive frame {α u , α v , ν ⊥ , ν}.
This implies that the ellipse of curvature ε α (p) is a line segment whose distance from their projection onto the ν-axis to p is constant and equal to λ, for all p ∈ M 2 . Therefore α has constant projection with distance of projection λ > 0. As K = λ 2 the theorem follows from Theorem 3.2.
Let α : M 2 → R 4 be an immersion of a smooth oriented surface with globally defined orthogonal asymptotic lines. Then the normal curvature of α vanishes at every point. So there exist normal vector fields ν and ν ⊥ such
Thus 
Concluding remarks
One direction of research can be stated: To give an example of a nonhyperspherical immersion α of a smooth oriented surface in R 4 with globally defined orthogonal asymptotic lines having an isolated inflection point.
Other direction of research emerges with the evaluation of the index of an isolated ν-umbilic point. This is related to the upper bound 1 for the umbilic index on surfaces immersed in R 3 and the Carathéodory conjecture (see [16] and references therein). Gutierrez and Sánchez-Bringas [9] have shown that this bound does not hold for the ν approach.
